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Can the Gaussian-type orbital describe the relativistic calculation well?
I11. Molecular integrals over the Slater-type orbitals

Kazuhiro Ishida (No affiliation)
Abstract: The relativistic effect is important especially to describe the magnetic
resonance spectroscopy. We extend the Kutzelnigg theory and solve the relativistic and
gauge invariant Dirac equation for the hydrogen atom with using the Foldy-Wouthuysen
transformation. For our aim to apply our theory to molecules, we try to use the
Gaussian-type orbitals (GTO) and have reached to the title doubt. In order to resolve our
doubt, we develop new methods for calculating molecular integrals over the Slater-type
orbitals (STO) and derive the necessary molecular integrals over STOs.
Introduction: The relativistic usual Dirac equation for the hydrogen atom can be
extended to that for including the vector potential of the proton source. The extended
Dirac equation is gauge invariant as shown by Sun et al. [1]. However, the gauge
invariant Dirac equation has not been solved yet. We try to solve it numerically with
using the Foldy-Wouthuysen transformation. We extend the formulation by Kutzelnigg
[2] to that for including the vector potential. Divergent integrals are arising in the theory.
Then we use the finite nucleus model to avoid the divergence. To extend our theory to
the molecular system, we first derive molecular integrals over the STOs.
Theory: The reader may refer ref. 3 for the extension of the Kutzelnigg theory.
Category of molecular integrals: We consider integrals arising from the operator

(c7)(cx) and (o7)V(cxz), where o is the Pauli spin matrices, 7=p+A,

p=-iv , A= 12\/_ S l( )qur (c=137.035999139, r, =0.2169394461(-4)),
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V = \/E F, (r_z) , F (2) :I:ds s” exp(-zs®) . Among them, divergent integrals
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(within the point charge nucleus) are for the following operators, (o A)(c A) = A?,

iJO(BxVK+KV xB):JO(VxVK+KV xV),and (oc A)V (o A):KOVK.



Development: In order to derive molecular integrals over STOs, we first extend the
Gaussian transform formula by Shavitt and Karplus given by [4]
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Differentiating both side of Eq. (1) with respect to ¢, (n-1) times, we have the
extended Gaussian transform formula given by
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Using the solid harmonic gradient operator [5], we have the generalized Gaussian
transform formula for the general STO centered at A, given by
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We also use the Sack’s formula for GTO centered at B, given by [6]

exp(—a r2) = 4rexp(-a BA’ —ar} )Zu (2aBA rA)ZY (BA)Y,"(F)*. (4)
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Using Eq.(3) and (4), we can derive all necessary formula for our integrals.
Alternatively, we can use the mixed solid harmonics (MSH) [7]; i.e., it holds
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Note that MSH, S, (EA a; t), is centered at A. Using Eq. (2), (4), and (5), we can

also derive all necessary formula for our integrals. Thus we have two new methods for
deriving molecular integrals over STOs. We find that each results of two methods
coincides each other.
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